The Born-Oppenheimer approximation is a basic approximation in molecular science. In this approximation, the total molecular wavefunction is written as a product of an electronic and a nuclear wavefunction. Hunter [Int. J. Quantum Chem. 9, 237 (1975)] has argued that the exact total wavefunction can also be factorized as such a product. In the present work, a variational principle is introduced which shows explicitly that the total wavefunction can be exactly written as such a product. To this end, a different electronic Hamiltonian has to be defined. The Schrödinger equation for the electronic wavefunction follows from the variational ansatz and is presented. As in the BornOppenheimer approximation, the nuclear motion is shown to proceed in a potential which is the electronic energy. In contrast to the Born-Oppenheimer approximation, the separation of the center of mass can be carried out exactly. The electronic Hamiltonian and the equation of motion of the nuclei resulting after the exact separation of the center of mass motion are explicitly given. A simple exactly solvable model is used to illustrate some aspects of the theory. © 2013 AIP Publishing LLC.
I. INTRODUCTION
The Born-Oppenheimer approximation 1, 2 is a milestone in the theory of molecules and of electronic matter in general. The much larger masses of the nuclei compared to that of electrons allow for an approximate separation of the electronic and nuclear motions and this separation simplifies the quantum as well as classical treatment of molecules substantially. One should be aware that even the notion of molecular electronic states is connected to this approximation.
As usual, one writes the molecular Hamiltonian H = T N + H el (1) as a sum of the kinetic energy operator T N of the nuclei and the electronic Hamiltonian H el which governs the electronic motion at fixed nuclear configurations. Molecules are rather complicated quantum objects and the solution of the Schrödinger equation for the total molecular Hamiltonian H in (1) is, in general, rather involved. In the Born-Oppenheimer approximation, the ansatz BO = ϕ(r; R)χ (R) ( 2 ) for the wavefunction is a product of an electronic wavefunction ϕ and a nuclear wavefunction χ . Here, r and R stand symbolically for all electronic and nuclear coordinates, respectively. The electronic Schrödinger equation
defines an electronic energy E el (R) which, of course, depends on the nuclear coordinates. The electronic wavefunction a) Electronic mail: lorenz.cederbaum@pci.uni-heidelberg.de ϕ(r; R) is normalized at all values of the nuclear coordinates
The index "el" indicates that the integration is over the electronic coordinates r only. The main idea behind the Born-Oppenheimer approximation is that due to the smallness of the mass of the electrons compared to that of the nuclei, the electronic wavefunction varies very smoothly with R and is not affected by the operation of T N . If so, one can insert the ansatz (2) into the full Schrödinger equation, integrate out the electronic contribution and obtain the illuminating result
where E BO is the total energy of the molecule in the BornOppenheimer approximation. The essence of this central equation is that the nuclei move in the potential provided by the electronic energy E el (R). This quantity is hence called the potential energy surface. In their recent paper, Sutcliffe and Woolley 3 discuss that this surface does not arise naturally from the solution of the Schrödinger equation for the molecular Coulomb Hamiltonian and present arguments substantiating their view.
The Born-Oppenheimer approximation as provided by Eqs. (2)-(4) has been extremely useful in numerous applications and is generally widely applied. It has become a standard reference even in cases where it fails. This approximation does fail, often severely, in particular for polyatomic molecules whenever the potential energy surfaces belonging to different electronic states come close to each other. The most dramatic failure is encountered when these surfaces exhibit conical intersections. 4 The nuclear motion then proceeds over the potential surfaces of the involved electronic states which are now coupled by this motion. To describe the nuclear motion, one usually introduces a group Born-Oppenheimer approximation for the manifold of coupled electronic states. [4] [5] [6] [7] [8] The total wavefunction is then a sum of products of electronic and nuclear wavefunctions.
Can the Born-Oppenheimer ansatz (2) be improved without resorting to a sum of products of electronic and nuclear wavefunctions? The idea to search for an improved total wavefunction which is a single product as in (2) is rather old. Pack and Hirschfelder 9 searched in 1970 for the best BornOppenheimer-like approximation. Hunter 10 argued that the exact wavefunction can be factorized as in (2) = φ(r; R)f (R) (5a) defining a nuclear wavefunction f (R) via the so-called marginal probability
An electronic wavefunction φ can be constructed using
provided that f (R) is nodeless and the normalization condition
is chosen. Then, the electronic wavefunction is well defined and a potential energy surface for f (R) could be defined as well as
The nodeless function f (R) has been further analyzed by Hunter 11 and several numerical studies on the potential in Eq. (5e) have been performed for the H 2 molecule and its ion, 12, 13 see also Ref. 14 on a related potential. The situation is nicely described in a recent general paper by Sutcliffe. 15 The total wavefunction must be known already beforehand in order to construct by the above procedure the electronic and nuclear wavefunctions φ and f as well as the potential in Eq. (5e). That is, these quantities are constructed a posteriori after the full solution of the Schrödinger equation has been determined.
In the present work, we would like to determine the electronic and nuclear wavefunctions entering the product ansatz of the exact total wavefunction from first principles. To that end, we introduce a variational principle which leads to the exact factorized result and provides the Schrödinger equations for the electronic and nuclear wavefunctions. The electronic wavefunction will, of course, not be the eigenfunction of the electronic Hamiltonian H el we are used to. For that purpose, we will have to introduce a different, more involved electronic Hamiltonian. We shall show that the nuclear motion in that case still proceeds over a potential surface provided by the electronic energy. The basic ideas are collected in Sec. II. In Sec. III, we apply them to a simple exactly solvable model 16 which has been used in the literature to study the ingredients of the Born-Oppenheimer approximation. An application to a more realistic problem has been performed but is beyond the scope of the present paper.
Finally, we would like to mention that the BornOppenheimer approximation is also widely used in the context of nuclear dynamics. In this case, the time-dependent Schrödinger equation is solved for the nuclear motion in the potential surface E el (R). In recent years, theoretical interest in electronic dynamics has emerged as well, [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] first driven by curiosity and later on motivated by the advent of subfemtosecond and attosecond experimental technologies. [30] [31] [32] [33] [34] [35] To incorporate both the nuclear and the electronic dynamics, very recently the full time-dependent Born-Oppenheimer approximation has been introduced and investigated. 36 Here, both the electronic and nuclear wavefunctions depend on time. To go beyond this approximation, a time-dependent group Born-Oppenheimer approximation 36 and an exact factorization of the wavepacket into an electronic and a nuclear wavepackets 37, 38 have been put forward.
II. BASIC IDEAS

A. The factorization
We start with the total Hamiltonian (1) and its eigenvalue equation
The basic idea is to exactly factorize into an electronic wavefunction ϕ(r; R) and a nuclear wavefunction χ(R)
where the new electronic function is normalized
similar to the eigenfunction ϕ of H el in Eqs. (3a) and (3b). Choosing the total wavefunction to be normalized, i.e., | = 1, the nuclear function χ is normalized in nuclear space. To proceed, we have to specify the kinetic energy operator T N . For transparency, we use conveniently scaled rectangular nuclear coordinates, for which T N can be expressed as
where ∇ is the gradient in nuclear space, the dot is the common scalar product, and M is an average nuclear mass. Inserting the ansatz (7) into the Schrödinger equation (6) and using the above expression for the kinetic energy operator, we obtain a lengthy equation coupling ϕ and χ . This equation simplifies considerably if we introduce an electronic operator H el which has ϕ as its eigenstate
This is readily accomplished by choosing
The electronic energy E el (R) can be easily found by taking the expectation value ϕ|H el |ϕ el of the effective electronic Hamiltonian H el with the electronic state ϕ. We do not confine ourselves to real solutions of Eq. (10), i.e., ϕ can be complex. But, for real functions ϕ, the term ϕ|∇|ϕ el vanishes because of the normalization condition (7b), and hence
i.e., the electronic energy is just the electronic expectation value of the full Hamiltonian H taken with the new electronic function ϕ. Making use of Eq. (9), the Schrödinger equation (6) with = ϕχ boils down exactly to
The operator T N + E el (R) governs the nuclear motion in the state and provides the exact energy E of the system. As in the Born-Oppenheimer approximation, Eq. (4), the nuclear motion proceeds in a potential which is provided by the electronic energy.
At this point, a number of issues have to be discussed. Some authors call Eq. (4) the Born-Oppenheimer adiabatic approximation 7 and reserve the name Born-Oppenheimer approximation to an equation as (4), but with a diagonal correction term = ϕ|T N |ϕ el added to the electronic energy E el = ϕ|H el |ϕ el . One notices that E el + is nothing but the expectation value ϕ|H|ϕ el of the full Hamiltonian taken with the usual electronic wavefunction ϕ. The new electronic energy E el in (11) is nothing but the analogous quantity computed, however, with the exact electronic wavefunction ϕ. See also Eq. (5e).
Although ϕ is an electronic wavefunction which depends on R, it is not true in the conventional sense that this is a pure parametrical dependence, since the nuclear momentum operators appear in the electronic Hamiltonian (10) . This implies that the electronic energy in Eq. (10) which serves as the potential surface for the nuclear motion in Eq. (11) implicitly already contains some information on the nuclear motion. For general molecules, it will be quite challenging to solve the problem, since the product ansatz basically undoes the Born Oppenheimer separation.
An important issue is the appearance of ln χ in the electronic Hamiltonian H el . For the ground state of the nuclear motion, the nuclear wavefunction can be expected to be nodeless. Then, ln χ is well defined everywhere. For other states, χ may have nodes, and ln χ will have singularities. Apart from these singularities, Eq. (10) for H el is well defined. This equation can be used to determine ϕ everywhere except at these singularities. This should be sufficient to solve the problem. In Subsection II B, we shall derive the working equations also from another perspective, namely, by employing variational theory. It will be shown that the singularities are suppressed by a multiplicative term χ 2 . Another aspect of the appearance of ln χ in H el is the fact that the electronic wavefunction in the exact factorization = ϕχ depends on χ . Consequently, Eq. (9) for the electronic wavefunction and Eq. (12) for the nuclear wavefunction are intimately coupled. This lowers the practicability of the ansatz in general. Nevertheless, the ansatz provides additional insight into the complex problem of understanding the molecular Schrödinger equation. It could also be that the approach is amenable to further simplifications, exact or inexact but accurate. Here, we would just like to mention that as ϕ depends on χ , the electronic energy is a functional of χ , i.e., E el = E el [χ] . In turn, the appealing equation (12) for the nuclear motion can also be seen as
If one finds a scheme to determine the functional form of E el [χ] , this equation could become of practical relevance.
B. Variational approach
In this subsection, we start from the Schrödinger equation (6) for the exact wavefunction and attempt to solve it variationally with the product ansatz (7). Since ϕ depends on r and "parametrically" on R, which is expressed by the normalization condition (7b) valid at any value of R, a variational ansatz is not trivial.
We introduce the following functional:
where λ and μ are Lagrange parameters ensuring that | = 1 and |χ| 2 dR = 1. If we want to vary |H| with respect to ϕ(r; R), we cannot use the constraint ϕ|ϕ el = 1 because this constraint is only over r and we have to vary over r and R. With ϕ|ϕ el = 1 the constraints in (14) are easy to fulfill. On the other hand, ϕ|ϕ el = 1 does not follow immediately from those in (14) because ϕ depends not only on r, but also on R.
Varying with respect to ϕ * , i.e.,
immediately gives
Remembering that H = H el + T N and applying T N on ϕχ leads to
where (χ * T N χ)ϕ implies that T N is applied to χ only and does not act on ϕ. In parenthesis, we re-discover the effective electronic Hamiltonian H el (10) .
To proceed, we now vary τ [ϕ, χ ] with respect to χ * and set
This readily leads to 
Since μ should be a number and all other quantities appearing in (17b) are functions of R, the only solution is
and hence μ = 0. We are now in the position to write down the final results of the variational computation. Equation (17a) now reads
which is identical to Eq. (9) derived in Subsection II A except for the overall factor |χ| 2 in front of the equation. This factor suppresses the possible singularities in H el . Equation (16c) now takes on the appearance
This central equation which governs the nuclear motion in the electronic state ϕ is identical to Eq. (12) obtained in Subsection II A. From the comparison, it is evident that λ = E, the exact total energy of the system. Note added: After this work was submitted, it was found that there is an unpublished work that provides and discusses the equation of motion determining the exact electronic wavefunction before the separation of the center of mass.
47
C. Center of mass motion and separation of coordinates
It is well known that in the absence of external forces, the center of mass motion of the whole system separates from the internal motion. In the Born-Oppenheimer approximation, this separation is violated. Here, only the center of mass of the nuclei separates. In an external magnetic field, the center of mass does not separate 39, 40 and the ensuing coupling between this motion and the internal motion gives rise to dramatic effects in strong fields. [41] [42] [43] In magnetic fields, the Born-Oppenheimer approximation severely fails and has to be corrected. [44] [45] [46] Since the present approach of factorizing the total wavefunction into a product of an electronic and a nuclear wavefunction is formally exact, the separation of the center of mass is exact too. The explicit example presented in Sec. III illustrates this nicely. To exploit this separation, we express T N as the sum of the translational kinetic energy and the kinetic energy T n of the internal nuclear motion
where M NT is the total mass of the nuclei and P k is the momentum operator of the kth nucleus. Let the total momentum of the system be P CM . The translational kinetic energy then reads
where p i is the momentum of the ith electron. Because of the separability of the center of mass motion in field free space, P CM =¯K where K is the good quantum number of the translational motion. This helps to remove exactly all the center of mass operators from the calculations. We shall start from our basic equations (9) and (12) and seek for wavefunctions ϕ K and χ K which satisfy these equations and lead to the expected motion of the center of mass of the system. Since ϕ K is an electronic and χ K a nuclear wavefunction, we set
where m is the electron mass and M T is the total mass of the system, i.e., the nuclei plus the electrons. The coordinate of the ith electron is r i and R N is the center of mass of the nuclei alone. Obviously, the total wavefunction K = ϕ K χ K fulfills the known relationship
Here, R CM is the center of mass of the whole system including the electrons. Inserting the ansatz (20a) into Eq. (9) for the electronic wavefunction, one can eliminate the exponential function. For that purpose, one has also to let the electronic kinetic energy operator in H el operate on this exponential function and to evaluate the term (∇ ln χ K ) · ∇ appearing in the electronic Hamiltonian H el in (10) using (20b). Finally, one has also to compute the impact of the nuclear kinetic energy T N on the exponential function. After a somewhat lengthy calculation, we obtain
and since ϕ does not depend on the center of mass of the whole system, P CM ϕ = 0. The final equation for ϕ now reads again
where the electronic Hamiltonian H el now takes on the appearance
which, using Eqs. (19a) and (19b), can be further reduced to give
The only dependence on the total translational momentum¯K is via the constant
where N is the number of electrons. The quantity Nm/M NT is thus the ratio of the total electron mass to that of the nuclei. The electronic energy becomes
The electronic energy E el fulfills as before (11) for real ϕ. We now turn our attention to the nuclear wavefunction χ K . Inserting the ansatz (20b) into the basic equation (12) and recognizing that the translational kinetic energy of the nuclei can be expressed as
one readily arrives at
which leads via (21e) and (21d) to the final result
Equations (21)-(22b) complete our separation of the center of mass motion. In these equations, only the internal nuclear degrees of freedom appear. Equations (22a) and (22b) are as one would expect: The exact energies are the sum of the internal energy and the total center of mass energy of the system. The product ansatz = ϕχ holds also in the presence of external fields. The pseudo-separation of the center of mass motion is expected, however, to lead to intricate working equations reflecting the residual interaction between the internal and center of mass motions.
III. A SIMPLE EXACTLY SOLVABLE MODEL
In order to examine the quality of the Born-Oppenheimer approximation, Moshinsky and Kittel (MK) 16 devised a simple model of a light particle (the electron) and two heavy particles (the nuclei) which are coupled to each other by harmonic forces. The MK-model can be solved exactly and also explicitly in the Born-Oppenheimer approximation. The Hamiltonian of the system reads
where p is the momentum of the light particle of mass m, P 1 and P 2 the momenta of the heavy particles of mass M, and k and are spring constants. The meaning of the coordinates r, R 1 , and R 2 is obvious. As usual, one defines the electronic Hamiltonian
which depends parametrically on the nuclear positions R 1 and R 2 . The electronic potential is easily rewritten to give
where R N = (R 1 + R 2 )/2 is the center of mass of the nuclei. Since the R i , i = 1, 2, are parameters, the electronic Schrödinger equation
is readily solved for all electronic states. The solutions ϕ q (r − R N ) are harmonic oscillator eigenstates with energies
where, as usual, q = 0, 1, 2, . . . . In the next step of the Born-Oppenheimer approach, one solves Eq. (4) for the nuclear function, which in the MK model reads
The nuclear kinetic energy operator can be written as
where π n = ( P 1 − P 2 )/2 is the momentum conjugated to the relative coordinate R 1 − R 2 describing the internal nuclear motion, and π N = P 1 + P 2 is conjugated to the center of mass coordinate R N = (R 1 + R 2 )/2. By introducing these momenta, these two motions are separated and the solutions of Eq. (27a)
are plane waves which describe the translational motion of the center of mass of the nuclei and the three-dimensional harmonic oscillator functions describing the vibrational and rotational motion of the nuclei. The total energies in the Born-Oppenheimer approximation simply take on the appearance
It is seen that for each electronic state specified by the quantum number q, there is a manifold of rotational-vibrational states specified by ν = 0, 1, 2, . . . which arise from the motion of the nuclei in the potential provided by the electronic energy (26b). It is also seen that only the center of mass of the nuclei and not that of the whole system separates from the electronic and internal nuclear motion. This fact is also reflected in the total energy (27d) which exhibits¯2K 2 /4M as the translational energy.
We now turn to the exact factorization of the total wavefunction of the system into an electronic and a nuclear wavefunction discussed in Sec. II. The new electronic Hamiltonian H el defining the electronic state ϕ is given in (21b) and reads in the present example
Here, H el is that in (24) . As seen above, in the BornOppenheimer approximation the electronic states ϕ q depend in the MK-model only on r − R N . This is also the case for the ϕ q . Applying H el to ϕ q , one immediately sees that because of π n ϕ = 0, one arrives at
which can be further simplified, either by employing the general result (21c) or explicitly. Indeed,
One immediately sees from (28b) and (24) that in the MKmodel
where
is the reduced mass of the electron. Consequently, ϕ and E el differ from ϕ and E el only by the reduced mass and the latter also by C K . The result reads
Using this input data, we are now able to complete the solution of the problem. The general equation (22a) takes on the following appearance in the MK-model:
which is again an harmonic oscillator problem, readily giving the following final result:
Needless to say, = ϕχ with the above solutions are the exact eigenfunctions of the MK-model and the energies E q, ν, K in (29b) are the corresponding exact energies. We would like to add that exact results can be similarly obtained for systems of many light and heavy particles interacting via harmonic forces. The calculations and the presentation of the results are, however, rather lengthy.
IV. SUMMARY AND CONCLUSION
In the widely used Born-Oppenheimer approximation, an electronic Hamiltonian is a priori defined which gives rise to its electronic eigenfunction. The molecular wavefunction is then approximated as a product of this electronic wavefunction and a nuclear wavefunction. The latter and the approximate total energy are found as solutions of a nuclear Schrödinger equation with the electronic energy serving as the potential driving the nuclear motion. In this work, we investigate the finding that the molecular wavefunction can exactly be expressed as a product of an electronic and a nuclear wavefunction originally discussed by Hunter. 10 In the work of Hunter, these quantities are constructed a posteriori after the full solution of the Schrödinger equation has been determined. In the present work, we determine the electronic and nuclear wavefunctions entering the product ansatz of the exact total wavefunction from first principles. This electronic function is an eigenfunction of a new rather involved electronic Hamiltonian, which depends on nuclear momentum operators. As in the Born-Oppenheimer approximation, the nuclear wavefunction is determined by the electronic energy as the underlying potential. The energy corresponding to this nuclear wavefunction is, however, the exact total energy of the system.
The electronic Hamiltonian and the working equations have been derived by two complementary methods. Directly from the Schrödinger equation for the total wavefunction and via a variational ansatz. Since the electronic wavefunction depends on the electronic and parametrically also on the nuclear coordinates, and is normalized in the electronic space at each nuclear configuration, the variational ansatz is not trivial. Interestingly, one does not have to impose a priori this normalization condition for the electronic function. This normalization condition rather follows as a result of the variational computation.
A simple exactly solvable model is analyzed in the BornOppenheimer approximation and in the exact factorization approach. The study of the model is presented to didactically illuminate the physics behind the approach in a rather transparent case.
Until now it is unclear whether the exact factorization approach will have practical value in solving complex problems. The main reason lies in the new electronic Hamiltonian which is rather involved and of unusual structure. It has already been argued before that the dependence of the potential energy surface for the nuclear motion on the state in question makes the factorization approach less practical. 13, 15 We hope that the interesting underlying basic idea of factorization will become fruitful once the electronic Hamiltonian and its physics are further studied and better understood.
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